Abstract. Let A and B be two Artin algebras with no semisimple summands. Suppose that there is a stable equivalence α between A and B such that α is induced by exact functors. We present a nice correspondence between indecomposable modules over A and B. As a consequence, we have the following: (1) If A is a self-injective algebra, then so is B; (2) If A and B are finite dimensional algebras over an algebraically closed field k, and if A is of finite representation type such that the Auslander-Reiten quiver of A has no oriented cycles, then A and B are Morita equivalent.
Introduction
Given two Artin algebras A and B, we say that A and B are stably equivalent if their stable categories A-mod and B-mod are equivalent. In general, a stable equivalence need not be induced by exact functors between module categories. But in practice one often uses those induced by exact functors. It was first noted that stable equivalences induced by exact functors arise naturally in the block theory of finite groups, or more generally, for self-injective algebras ( [3, 13] ), and they play a substantial role in the representation theory of self-injective algebras ( [3, 5, 11, 14, 15] ). Recently, it was shown that such equivalences also occur frequently between general finite dimensional algebras ( [7, 8] ), and they possess many interesting properties ( [4, 6, 7, 8, 16] ).
An important aspect of studying such equivalences is to compare simple modules. By Rickard [12, 13] , if there is a stable equivalence α between two self-injective algebras A and B such that α is induced from a derived equivalence (such a stable equivalence is induced by exact functors), then A and B have the same number of simple modules. However, it is not known in general whether a stable equivalence induced by exact functors preserves the number of simple modules. In [5] , Linckelmann proved that a stable equivalence α of Morita type (note that every stable equivalence of Morita type is a stable equivalence induced by exact functors) between two self-injective algebras is lifted to a Morita equivalence if and only if α maps any simple A-module to a simple B-module. In [6] , Linckelmann's theorem was generalized to arbitrary finite dimensional algebras. It is natural to ask whether there is some nice correspondence between simple modules under a stable equivalence induced by exact functors.
One of the main aims of this paper is to give an answer to the last question. In fact, we show even more: some nice correspondence between indecomposable modules under a stable equivalence induced by exact functors. Namely, we have the following 
where ind (A) and P I denote the isomorphism classes of indecomposable A-modules and its subclasses of projective-injective modules, respectively. In particular, φ preserves projective modules, simple projective modules, injective modules, simple injective modules and nodes.
Note that Theorem 1.1 implies that a stable equivalence induced by exact functors preserves the number of simple modules if and only if it preserves the number of non-projective simple modules.
As a direct consequence of Theorem 1.1, we get that the class of self-injective algebras is closed under stable equivalences induced by exact functors.
As another consequence, we recall some results in [10] , where Martinez-Villa considered algebras stably equivalent to factors of hereditary algebras and proved the following: if Λ and Γ are stably equivalent finite dimensional algebras over an algebraically closed field k such that Λ and Γ have no nodes and have no semisimple summands, and that Λ is of finite representation type and the Auslander-Reiten quiver of Λ has no oriented cycles, then Λ and Γ are Morita equivalent. Combining methods in [10] with Theorem 1.1, we know that, for stable equivalences induced by exact functors, the above condition "no nodes" can be removed.
Preliminaries
Let R be a commutative Artin ring. Recall from [2] that an R-algebra A is called an Artin algebra if A is finitely generated as a R-module. Important examples of Artin algebras are finite dimensional algebras over a field.
Given an Artin algebra A, we denote by A-mod the category of all finitely generated left A-modules. The socle of an A-module X, denoted by soc(X), is defined to be the submodule of X generated by all semisimple submodules of X. The radical of X is the intersection of all the maximal submodules of X, and is written by rad(M ). The composition of two morphisms f : X → Y and g : Y → Z is a morphism from X to Z, which will be denoted by fg.
The stable category A-mod of A is defined as follows: The objects of A-mod are the same as those of A-mod, and the morphisms between two objects X and Y are given by the quotient R-module (
1) α induces a one-to-one correspondence between the isomorphism classes of indecomposable non-projective modules in A-mod and those in B-mod (for convenience we shall also denote this correspondence by α).
(2) The induced functor β = DtrαtrD : A-mod → B-mod is an equivalence, where Dtr and trD denote the Auslander-Reiten translation and its inverse, respectively.
In this paper, we are interested in stable equivalences which are induced by exact functors between module categories. For example, the stable equivalences of Morita type between finite dimensional algebras introduced by Broué [3] are stable equivalences induced by exact functors. Note that for self-injective algebras, stable equivalences induced by exact functors coincide with stable equivalences of Morita type by Rickard [14, theorem 3.2] .
The basic tool in this paper is the theory of almost split sequences, so let us recall some fundamental notions on almost split sequences (see [2] ).
Given an Artin algebra A, let f : Y → Z and g : X → Y be morphisms in A-mod. f is right almost split if f is not a split epimorphism, and any morphism U → Z which is not a split epimorphism factors through f . Dually, g is left almost split if g is not a split monomorphism, and any morphism X → V which is not a split monomorphism factors through g.
is called an almost split sequence (or an Auslander-Reiten sequence) if g is left almost split and f is right almost split. Auslander and Reiten proved that, for any indecomposable nonprojective module Z in A-mod, there is an almost split sequence (unique up to isomorphism) of the following form:
where Dtr(Z) is the Auslander-Reiten translation of Z, and dually, for any indecomposable non-injective module X in A-mod, there is an almost split sequence (unique up to isomorphism) of the following form:
where trD(X) is the inverse of the Auslander-Reiten translation of X.
In what follows we freely use all properties of almost split sequences which can be found in [2] .
Proof of the main result
Throughout this section, we assume that A and B are two Artin algebras with no semisimple summands, and that F : A-mod → B-mod and G : B-mod → A-mod are two exact functors which induce the stable equivalences F : A-mod → B-mod and G : B-mod → A-mod such that F is the quasi-inverse of G . Clearly, in this case, F and G take projective modules to projective modules. By Lemma 2.1, F induces a one-to-one correspondence between the isomorphism classes of indecomposable non-projective modules in A-mod and that in B-mod. In addition, we denote by H = DtrF trD : A-mod → B-mod the induced equivalence.
Before giving the proof of our result, we introduce the following notation. For an A-module X, we have a unique (up to isomorphism) decomposition X = X ⊕ P X , where X has no non-zero projective summands and P X is projective. We call P X the projective part of X. 
where the rows in the above diagram are all exact sequences. Since E −→ F (trDS) is a right minimal almost split morphism, ij : E −→ E is an isomorphism. It follows from the Five Lemma that i j : L −→ L is an isomorphism. This implies that L is a direct summand of F (S) and therefore is a projective module. Since E is projective, it follows from [2, Theorem 3.3, p. 154] that L is a simple module. Thus L is a simple projective B-module and L DtrF trD(S) = H (S). We have proved that H gives a map between the isomorphism classes of simple projective modules in A-mod and that in B-mod. Suppose that S 1 and S 2 are two non-isomorphic simple projective A-modules; then the simple B-modules DtrF trD(S 1 ) DtrF trD(S 2 ) by the uniqueness of almost split sequences and Lemma 2.1. This shows that H is an injective map. Similarly, we can prove that DtrG trD gives an injective map between the isomorphism classes of simple projective modules in B-mod and that in A-mod. This shows that H is a bijection.
Lemma 3.2. H induces a one-to-one correspondence between the isomorphism classes of indecomposable non-simple non-injective projective modules in A-mod and that in B-mod.
Proof. This was proved for stable equivalences in [1] .
Recall from [9] that a simple non-projective non-injective module S is called a node if the middle term E of the almost split sequence 0 −→ S −→ E −→ trDS −→ 0 is projective.
Lemma 3.3. F induces a one-to-one correspondence between the isomorphism classes of nodes in A-mod and that in B-mod.
Proof. Let S be a node in A-mod. Then we have an almost split sequence 0 −→ S −→ E −→ trDS −→ 0, where E is projective. Applying F we get an exact sequence 0 −→ F (S) −→ F (E) −→ F (trDS) −→ 0 in B-mod, where F (E) is projective. The above exact sequence canonically induces the following exact sequence:
F (E) 0 ⊕ P F (trDS) and P F (trDS) is the projective part of F (trDS). By [2, Proposition 1.3, p. 337], we have an almost split sequence 0 −→ L −→ E −→ F (trDS) −→ 0 in B-mod, where E is projective. Since E is projective and the morphism F (E) 0 −→ F (trDS) is not split, we have the following commutative diagram:
where the rows in the above diagram are all exact sequences. Since E −→ F (trDS) is a right minimal almost split morphism, ij : E −→ E is an isomorphism. It follows from the Five Lemma that i j : L −→ L is an isomorphism. This implies that both i and i are split monomorphisms, and that
is a projective module by the Snake Lemma. Since E is projective, it follows from [2, Theorem 3.3, p. 154] that L is a simple non-injective module. L is also a nonprojective module. Otherwise,
is a projective module, which contradicts the fact that S is non-projective. Thus L is a node in B-module and L F (S).
We have proved that F gives a map between the isomorphism classes of nodes in A-mod and that in B-mod. Suppose that S 1 and S 2 are two non-isomorphic nodes in A-mod; then F (S 1 ) F (S 2 ) by Lemma 2.1. This shows that F is an injective map. Similarly, we can prove that G gives an injective map between the isomorphism classes of nodes in B-mod and that in A-mod. This shows that F is a bijection.
Remark. It was shown in [9] that for an Artin algebra Λ with nodes, one can produce another Artin algebra Γ without nodes such that Λ and Γ are stably equivalent. By Lemma 3.3, such a stable equivalence cannot be induced by exact functors.
Lemma 3.4. F induces a one-to-one correspondence between the isomorphism classes of indecomposable non-projective non-injective modules in A-mod and that in B-mod.
Proof. Let X be an indecomposable non-projective non-injective module in A-mod. Then we have an almost split sequence 0 −→ X −→ E −→ trDX −→ 0. There are two cases to be considered.
The first case: X is a node. By Lemma 3.3, F (X) is also a node. The second case: X is not a node. Then E is not projective. By [2, Proposition 1.6, p. 339], we have an almost split sequence:
where I is projective. This implies that F (X) is an indecomposable non-projective non-injective module.
We have proved that F gives a map between the isomorphism classes of indecomposable non-projective non-injective modules in A-mod and that in B-mod. Suppose that X 1 and X 2 are two non-isomorphic indecomposable non-projective non-injective modules in A-mod; then F (X 1 ) F (X 2 ) by Lemma 2.1. This shows that F is an injective map. Similarly, we can prove that G gives an injective map between the isomorphism classes of indecomposable non-projective non-injective modules in B-mod and that in A-mod. This shows that F is a bijection.
Lemma 3.5. F induces a one-to-one correspondence between the isomorphism classes of indecomposable non-projective injective modules in A-mod and that in B-mod.
Proof. By Lemma 2.1, F induces a one-to-one correspondence between the isomorphism classes of indecomposable non-projective modules in A-mod and that in B-mod. By Lemma 3.4, F induces a one-to-one correspondence between the isomorphism classes of indecomposable non-projective non-injective modules in Amod and that in B-mod. It follows that F induces a one-to-one correspondence between the isomorphism classes of indecomposable non-projective injective modules in A-mod and that in B-mod. We have proved that F gives a map between the isomorphism classes of simple injective modules in A-mod and that in B-mod. Suppose that S 1 and S 2 are two non-isomorphic simple injective modules in A-mod; then F (S 1 ) and F (S 2 ) are non-isomorphic in B-mod by Lemma 2.1. This shows that F is an injective map. Similarly, we can prove that G gives an injective map between the isomorphism classes of simple injective modules in B-mod and that in A-mod. This shows that F is a bijection.
Proof of Theorem 1.1. This is a direct consequence of Lemma 3.1-Lemma 3.6.
As a consequence, we get that the class of self-injective algebras are closed under stable equivalences induced by exact functors. Proof. Note that for a self-injective algebra A, an A-module X is projective if and only if it is injective. Suppose that B is not self-injective. Then there is an indecomposable injective non-projective B-module. By Lemma 3.5, there is also an indecomposable injective non-projective A-module. This is a contradiction! Recall from [10] that if α : Λ-mod → Γ-mod is a stable equivalence between artin algebras Λ and Γ such that Λ and Γ have no semisimple summands and Λ is a factor of hereditary algebra, then there is a one-to-one correspondence φ between the isomorphism classes of indecomposable projective-injective modules in Λ-mod and that in Γ-mod given by φ(P ) = P (α(P/soc(P ))), where φ satisfies β(rad(P )) rad(φ(P )) and α(P/soc(P )) φ(P )/soc(φ(P )), and P (α(P/soc(P ))) denotes the projective cover of α(P/soc(P )), and β = DtrαtrD denotes the induced equivalence.
Let A and B be as in Theorem 1.1. Suppose that A is also a factor of hereditary algebra. Then the map φ in Theorem 1.1 can be extended as a bijection φ :
i fX is non-projective, H (X) i fX is projective non-injective, P (F (X/soc(X))) if X is projective-injective, where φ preserves: projective modules, simple projective modules, injective modules, simple injective modules, nodes, and projective-injective modules. Now using the same methods as Proposition 8-Theorem 13 in [10] , we get the following consequence. (2) It is easy to prove that a stable equivalence induced by exact functors preserves the finitistic dimension of Artin algebras (for further information on finitistic dimension, one may refer the recent paper [17] and the references therein). However, the following example shows that in general a stable equivalence between two Artin algebras is not induced by exact functors although they have the same finitistic dimension. 
